Discretization order polytopes for the distance geometry problem
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1 Introduction

Given a positive integer K and a simple undirected edge-weighted graph G = (V| E,d) where
d: E — R, and n = |V|, the Distance Geometry Problem (DGP) consists in finding a realization
z : V — RE of the graph that draws the edges as segments having length equal to the given
edge weights. The DGP has many applications: one of them concerns molecular conformation
[1, 2, 3], in which the distances between the atoms of a molecule can be measured experimentally.
The computational problem consists in reconstructing the 3D shape of the molecule with these
distance data (which, in real life, may be noisy and even downright wrong). The DGP is NP-hard
[4]. The decision version is known to be in NP only if K = 1 due to the necessity of realizations
with irrational components, even if the input is rational. The DGP can be seen as a global
optimization problem, such as

min Z (qu_mv‘@_diu)Q

vERTE {u,v}eFE
(this is known as the quartic formulations; there are many others).

On certain types of graphs, it is possible to reduce the problem to a finite enumeration of
candidate realizations, leading to branch-and-prune algorithms [5, 1, 6]. Among those graphs, we
consider those which can be constructed by means of Henneberg type 1 constructions: start with
a K-clique, then add a new vertex K + 1 adjacent to some K previously added vertices. This
construction can be repeated for any finite number of times by adding 1 to each vertex label until
n vertices are added. It yields a Henneberg type 1 graph H;(K,n). Consider this graph and add
another set P of edges. The DGP defined on the family of all graphs obtained this way is known as
Discretizable Molecular Distance Geometry Problem (DMDGP). The natural order of the vertices
1,...,n in Hy(K,n) is known as a K-discretization order which are orders of the vertices such
that each element v; is adjacent to its min(K,7— 1) preceding ones [7]. Discretization orders allow
the authors of [8, 9, 10] to developp a branch and prune algorithm solving the distance geometry
problem [11].

2 K-discretization order polytopes

It is important to notice that when K = 1, K-discretization orders are exactly hamiltonian path.
In this work, we aim to generalize some facial structure results of the Hamiltonian path polytope to
the K-discretization order polytopes. Given a Hamiltonian path induced by a set of edges P C F,
one can consider the corresponding sequence of adjacent vertices (v, ..., v|k|). We say that P is a
K-discretization order if each vertex v; i € {1,...,|V|} is adjacent to the vertices (vi—q, ..., Vi—1)
for « = min(: — 1, k). The K-discretization order polytope is obtained by considering the convex
hull of all incidence vectors of K —discretizatiolf orders. The K-discretization order polytope



coincide with the hamiltonian path polytope when the input graph is a clique or when K = 1,
implying that it is highly unexpected to find a complete description of it for general graphs and
in particular when they contain large cliques as minors. In this talk, we present preliminary work
on extending the facial results known for the Hamiltonian path polytope to the K-discretization
order polytope.
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