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1 Introduction
In the context of multiobjective integer programming {min

x∈X
(f1(x), . . . , fp(x))⊤}, the nondom-

inated set N can be enumerated via branch-and-bound frameworks [3, 4, 6]. Inspired by
Quadratic Convex Reformulation (QCR) [1, 2] methods, this work focuses on multiobjective
binary (nonconvex) quadratic problems (MO-BQPs) and devise a branch-and-bound frame-
work, named MObBQ.

min
x

(f1(x), . . . , fp(x))⊤

s.t. Ax ≤ b

xi ∈ {0, 1} i ∈ {1, . . . , n}.

(MO-BQP)

fj(x) = x⊤Qjx + (cj)⊤x, for all j ∈ [p] with symmetric matrix Qj ∈ Sn and vector cj ∈ Rn.

2 MObBQ: a branch-and-bound framework for MultiObjective
Binary Quadratic programs

Due to nonconvex functions, the difficulty of building a valid lower bound set (LBS) arises
from the nonconvex nondominated boundaries of the continuous relaxation of MO-BQP. As
QCR methods provide an equivalent convex reformulation and a tight continuous relaxation
bound, we propose to employ the intersection of hyperplanes that outer approximates the
nondominated boundaries of the continuous relaxation of MO-BQP convexified by QCR (see
Figure 1). We theoretically prove the validity of the proposed LBS as well.
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FIG. 1: Lower bound set.
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FIG. 2: Comparison on different LBS strategies.



The optimal QCR parameters can be obtained by solving a semidefinite problem (SDP).
However computing p SDPs at every node is highly time-consuming. Assuming the MObBQ
tree is branched in a static order, for example from x1 to xn, then all nodes at the same level
d share the same p matrices in Sn−d. Consequently we propose to calculate and store QCR
parameters for the n × p quadratic terms in a preprocessing phase.

On the other hand for a better trade-off between LBS quality and computing time, we
propose different strategies for LBS construction with different tightness, mainly based on the
three following approaches:

• MObBQQCR applies QCR on each objective function i.e. ∀j ∈ [p], fj(x) +
∑n

i=1 δi(x2
i −

xi) + β(A=x − b=)2

• MObBQUQCR applies UQCR on each objective function i.e. ∀j ∈ [p], fj(x)+
∑n

i=1 δi(x2
i −xi)

• MObBQUQCR∗ applies UQCR but considering the relaxed constraint Adx ≤ b in the SDPs
for calculating δ, where Ad denotes the residual constraint matrix at level d

Figure 2 illustrates different LBS at the root node of a bi-objective k-item quadratic knapsack
instance of size 20.

Our MObBQ branches in a static variable order and in depth-first search order. The upper
bound set is initialized to empty set and is updated whenever a new nondominated point is
found [5]. Additionally we provide theoretical proofs on the correctness of MObBQ. Our imple-
mentations are available at https://github.com/Yue0925/MultiObjectiveAlgorithms.jl.

3 Experimental results
We evaluate the performance of MObBQ on the following bi- and tri-objective instances:

• Multiobjective max-cut: Within the time limit of 1800 CPU seconds, our MObBQUQCR

algorithm beats the ϵ-constraint method on bi-objective instances with matrices density
≥ 75%. For tri-objective instances, MObBQUQCR significantly outperforms other strategies.

• Multiobjective k-item quadratic knapsack: We notice that there is no huge difference
in tree size among all different versions of algorithms. For the majority of instances,
MObBQUQCR is slightly faster (especially on bi-objective instances), which explains the bet-
ter strategy of MObBQ is to fast enumerate integer points rather than pruning dominated
nodes. Compared to the ϵ-constraint method, our algorithms are still more competitive
on dense instances.
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