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Context. We consider a general class of combinatorial optimization problems in which some
imput data are only partly observed or subject to estimation errors. The problem can be
written as a function of a scenario & € =:

minimize f(z,8),
where Z is the mixed-integer set of decision variables
and f(z,&) is the optimal value of the combinatorial
problem under scenario & for = C R? the set of all
possible scenarios of the uncertain data. For example,
in a facility location problem with uncertain demand
(FIG. 1), Z would be the set of facility opening vectors
and f(z,£) the optimal value for the opening z under
demand &, which can itself be a convex program.
Assuming that the data follows an unknown prob- FIG. 1: Facility location under demand
ability distribution P, the ideal goal is to choose z to uncertainty: openings z @, and alloca-
minimize the expected value E¢op[f(2,£)]. When the tions (customers arrows).
probability distribution of uncertain parameters is un-

known, one typically relies on a finite historical dataset {{Al, e ,EN} C Z to infer plausible
distributions. Using the empirical measure Py o % f\il 0+, data driven models typically

relies on empirical risk minimization

N
min % S r(28). (ERM)
i=1

However, this approach can fail in the case where N is small or when the deployment data dif-
fers from the training data. In this context, Wasserstein Distributionally Robust Optimization
(WDRO) has become a powerful framework, by its nice modeling and generalisation proper-
ties [1, 2, 3]: we minimize the expected value of f(z, ) under the worst-case distribution within
a neighborhood of the empirical measure Py. This leads to the problem:

min  sup  Ecug[f(2, ()] (WDRO)
Z€Z Qe Proba(=)

We(QPy) <o
where W,(-,-) denotes the Wasserstein distance [4], defined as

We(Q,Q2) = inf c(&,¢)dm(£,¢).
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Approach. Instead of (WDRO), we propose to use its entropic-regularized version, follow-
ing [5]:

min min |F(z,\) € Ao + EngﬁN {log (EgNN(g,a2I) [exp (f(z, Q) = Ael§, C))] )” .

z€Z A>0 9

where A > 0 is the dual variable associated to the Wasserstein distance constraint. This
problem retains the generalization and robustness guarantees of the original formulation and
enables the computation of stochastic gradient estimators via a Monte-Carlo sampling method
(see FIG. 2) [6].

Then, we use a stochastic Frank-Wolfe al-
gorithm to handle sampling noise [7] which Desision variable Wasserstein radius
preserves the combinatorial nature of the fea- §E mmrliafpliee /) 1y

sible set while ensuring scalability. Our ap- l /
proach is close to oracle-based methods for

robust optimization, see e.g. [8], and is com- Samples Vk € [[J/\f I

plementarty to existing WDRO approaches fk)w", ék) ~ Nk, 0?)

for mixed-integer problems that rely on ex-

act reformulations combined with branch- l

and-bound or cutting-plane methods [3]. Our Compute Get gradient

—

use of a stochastic Frank-Wolfe algorithm F(z, ) vk e [N]
enables an oracle-based optimization over
conv(Z), avoiding an explicit description of FIG. 2: Gradient computation scheme.
the feasible set and allowing efficient treat-
ment of rich combinatorial structures.

This framework thus extends the applicability of WDRO methods to mixed-integer and
discrete optimization problems, offering a principled and computationally efficient approach to
decision-making under uncertain data.

estimator of F(z, \)
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