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1 Introduction

Decision-Dependent Information Discovery (DDID), a variant of two-stage robust optimization,
addresses problems where uncertainty can be reduced by querying the value of some uncertain
parameters before making decisions for the nominal problem. The model has many applications
in urban planning, project management, resource allocations, scheduling, among many others
(see [8]). Recent works have focused on providing approximate solution algorithms based on
K-adaptability [8], as well as exact algorithms considering either combinatorial Benders cuts [6]
or even an exact monholitic reformulation [5], compact for specific uncertainty sets. Even more
recently, an extension to distributionally robust optimization has been considered [4]. Despite
these numerical approaches, very little is known about the complexity of specific problems
under the DDID framework, with the exception of the recent paper [1] that considers the
case of DDID applied to the selection problem and considering a discrete uncertainty set.
This work intends to push further the understanding of the hardness of DDID, focusing on a
single robust constraint. Specifically, we consider in this paper the setting of combinatorial
optimization problems defined as follows.

Definition 1 A combinatorial optimization problem TI on {0,1}" is a tuple (T, f), Y)Y,
where T is the instance set, and for each instance I € T, fU) {0,1}™ — R is the cost function
and Y C {0, 1} is the feasible solution set (or search space) over which f is to be optimized.

Given a combinatorial optimization problem II, without loss of generality, we base our
discussion on an arbitrary instance of II and omit the instance index for simplicity. Let
[n] = {1,2,--- ,n}. We consider in this paper a generalization of the cardinality-constrained
counterpart of problem II, denoted by GENCARD-II, where the number of elements selected
from a specified subset S C [n] is limited. GENCARD-II can then be formulated as

: T
min § €
yey { Y

>y < b} : (GENCARD-II)

€S

where ¢ € Z% is a cost vector and b € Z. Note that the coefficients in the cardinality constraint
are 1 for elements in S and 0 for those in [n] \ S. Introducing uncertainty in these coefficients
leads to the following robust counterpart

min {cTy ] Ty <b, VE € E} : (RoBUST-1I)

where = = {§ e [0,1]" ‘ e §i < F} is a budgeted uncertainty set (e.g. [6]).



Applying DDID to ROBUST-II, some of the components of £ can be queried before choosing
y; we thus obtain a problem with three levels of decisions: (i) the set of queried components
Q € Q is selected, (ii) the adversary reveals the exact values for the queried components
with vector pu, (iii) the actual vector y is chosen, with the constraint that it must be feasible
for all possible vectors & selected by the adversary. Defining @ = {Q C [n] | |Q| = ¢}, the
counterpart of ROBUST-II with information discovery can be formulated as

glelgrggécryrgg{c y ‘ Ty <b VE€EQp ), ( )

where

ensures that the revealed values p for the queried components are consistent with the eventual
adversarial choice £. In what follows, we denote the objective function of this problem as

?(Q) = max min {cTy ‘ Ty < b, V¢ € 2(Q, u)} .

HEE yeY

1.1 Owur contributions

It is easy to see that DDID-II is at least as hard as GENCARD-II with S = [n] since any
instance of GENCARD-II with S = [n] reduces to an instance of DDID-II with I" = n. Prior
to this paper, it was, however, not clear how much harder DDID-II is. First, the hardness
of DDID-II is established even when II is defined as the selection problem, one of the easiest
combinatorial problems, where, given n elements with costs and a positive integer p, one seeks
a subset of p elements with minimum total cost. DDID-SELECTION is reducible from the
partition problem; however, the full proof is lengthy and is therefore omitted in this extended
abstract.

Next, we show that how to solve DDID-II in polynomial time for any fixed ¢ whenever
GENCARD-II can be solved in polynomial time. The result follows from the observation that,
given () € Q, solving a polynomial number of GENCARD-II instances allows us to obtain a
reduced feasible set Y(Q) C ) of polynomial size. For problems IT with an exact-cardinality
constraint, the construction of the corresponding set 5)(@) can be further improved by reduc-
ing the computational complexity and by providing an alternative algorithm. We then show
how the optimality of a solution y € Y(Q) can be verified by solving a polynomial number of
linear programs of polynomial size. The proof of this result is omitted in this extended ab-
stract, see Proposition 3 from Section 3. These results show that DDID-SELECTION, DDID-
SHORTESTPATH, DDID-SPANNINGTREE, and DDID-ASSIGNMENT, among others, can be
solved in polynomial time when ¢ is a constant. Overall, our main contributions are the
following two theorems.

Theorem 1 DDID-SELECTION is NP-hard.

Theorem 2 If there exists a polynomial-time algorithm for solving GENCARD-II, then DDID-
IT can be solved in polynomial time when q is a constant.

2 Reformulation of ®(Q)

Let us start by applying to our context a well-known reformulation from the robust combinato-
rial optimization literature, which states that any robust constraint under budget uncertainty
can be reformulated as the disjunction of nominal constraints, see [2, 7]. To do so, we first
introduce the notation

(@, p) = min {Ty | y<b veez@Qm}, (1)



so ®(Q) = max ¢(Q, p). Let us consider the reformulation
HeE=

"(Q, 1) = min cr
¢'(Q, 1) yey{ y

Zu¢y¢+min{2yi,F—Zui}§b}. (2)

i€Q i€Q 1€eQ
Lemma 1 For each Q € Q and p € Z, ' (Q, 1) = ¢(Q, u).

Proof : Observe that for all y € Y and ¢ € Z(Q,p), 'y = doicq MiYi + 2icq &ivi <

Yicq MiYi + min {EieQ vi, I' = Yicq u} s0 ¢'(Q, 1) = ¢(Q, ).

To prove the reverse inequality, let y* be an optimal solution of the rhs of (1) and &* €
arg max £Ty*. We prove next that > u;yf + min { >y, =3 uz} < b by considering two
£eE(Q.n) 1€Q i€Q - i€Q
cases. If 37, cqyr < T =200 pi, then & =1 for each i € Q 50 X0 piyi + 250 ¥i = ey <
b. Otherwise, there is a subset S C Q of size [T — > icq Mi| such that y7 =1 for each i € S,
and £ =1 for each i € S\ {s} (for some s € §) while §§ =T — >, co i — [[' = Dcq ). In
this case > ;e miy; + 1 — 2 icq i = & Ty* < b. Therefore, y* is feasible for the rhs of (2) so
¢'(Q, 1) < ¢(Q, ), proving the result. O

3 Polynomial-time solution for constant ¢

In this section, we present an algorithm that solves DDID-II in polynomial time for certain
nominal problems II, provided that ¢, the size of the queried set, is a constant.

3.1 Proof of Theorem 2

With constant g, DDID-IT can be solved by enumerating all elements of Q, whose size is
polynomial in n (since |Q| = (Z) € O(n?)). Consequently, if the function ®(Q) is computable
in polynomial time, DDID-II can be solved in polynomial time. We begin by eliminating
dominated solutions y € Y with respect to the minimization problem defining p(Q, ).

Observation 1 For any given p € Z, let y, § € Y such that y; < §;,Vi € Q and 3 ey <
2ico Ui 1f cl'y < 'y, then § is dominated by y with respect to the minimization problem

defining o(Q, ).

Let ygo € {0,1}7 denote the components corresponding to ). To eliminate dominated solutions
described in Observation 1, we solve the following optimization problem for each partial solution
7o € {0,1}9 and each cardinality k € [n], which leads to solving instances of GENCARD-II:

min {E:ClyZ + M Z Yi

ey - . -
Y i€eQ 1€Q:7;=0

Z%Sk}, (3)

ieQ

with M = 37,6 + 1. Let y*(Jg, k) denote an optimal solution of (3) and 2*(7g, k) its
optimal cost, define the reduced feasibility set as

Y@= U ek

ﬂQE{U,l}q, k€[n]:
(g k<M

and let us introduce

P(Q, ) = min 'y
yeY(Q)

Zﬂi%—i—min{zyu F—ZM} Sb}-

e i€eQ i€Q



Lemma 2 For each Q € Q and p € Z, p(Q, 1) = o(Q, ).

Proof : The inclusion Y(Q) C Y immediately yields 3(Q, 1) > ¢(Q, p). To prove the reverse
inequality we denote by 3/ an optimal solution to the minimization problem defining o(Q, 1)
over Y, and define § = y*(yg, >icq ¥i) € V(Q). By construction, we have {i € Q | g; =1} C
{ieQ | yi=1}and 3,050 < 3 ¥i- Since y' is a feasible solution for the minimization
problem defining ¢(Q, 1), it follows that >, pigi + min{ZieQ Ui, I' =2 ico ui} < b, so
7 € Y(Q) is also feasible for the problem. Therefore, p(Q, i) < ¢ < Zciﬂi + Z ¢ <
i€eQ 1€Qy,=1
Sayi+ Y. a=cy =0(Q,p. O

i€eQ i€Qy;=1

Remark 1 |Y(Q)| € O(24n).

We now compute the value of ®(Q) = max,c= ¢(Q, ). First, observe that, if there exists
some p € = such that 3,0 piyi + min{zie() Yi, I' =X ico ,ui} > b for all y € Y(Q), then
8(Q) = +oc.

Proposition 1 The boundedness of ®(Q) can be verified by solving O(n) linear programs, each
with O(q) variables and O(29n) constraints.

Proof : Omitted, due to space restrictions. O

When ®(Q) is bounded, we next show that, among all y € Y(Q) whose cost achieves
the value of p(Q, u) for some u € =, the one with the highest cost determines ®(Q). Let
us formalize this idea by introducing some notations. For any given y € Z, we define

V(Q,p) = {y € Y(Q) ‘ dicq MiYi + min{ZieQ vi, I' = Yo ,ui} < b} as the set of all fea-
sible solutions y under given u. Furthermore, for any given §j € )7(62), we define E(Q, 9) =
{,u €=
is optimal to the minimization problem defining ¢(Q, p). Last, we define the set ;)A)(Q) =

g € argmin,_ cl'y ¢ as the set of scenarios p € = under which the solution 7
Y 8 yey@Qmu ¢ Y

{vey@ | 2@y #0}.
Proposition 2 If ®(Q) is bounded, then ®(Q) = max cly.
yeJ(Q)
Proof : We prove that
max min ¢’y = max c’y. (4)
HE= yeY(Q,n) yeV(Q)
First, let p* be an optimizer of the lhs of (4) and let y* € argmin ¢’y. Thus, u* € é(Q,y*)
. yeV(Q.n¥)
so that y* € V(Q), and max min Ty =cly* < max cl'y.

HEE yeY(Q.u) yeV(Q)
Conversely, let y*™* be an optimizer of the rhs of (4). This implies that =(Q,y™) # 0 so
there exists

pt e 2(Q,y") € E (5)
and, furthermore,
y*™ € argmin cly. (6)
yeV(Q.n**)
Therefore, max cfy = cTy™ = min 'y < max min Ty, where the second equality
yeJ(Q) YEV(Q,p*) HE= yeY(Q,u)

follows from (6) and the inequality follows from (5).
O



Now, let us discuss how to determine whether a given solution y € (@) belongs to V(Q).
It suffices to verify whether the (non-necessarily closed) set =(Q),y) is non-empty. Let us first
reformulate Z(Q, y) as:

yEVQ.u), ¥ € I(Qu), Yy €NQ): Ty < Ty

2(Q.y) ={nez
ZMi%"‘min{ZyiaF_Zﬂi}Sba (7)

:{u e=
i€Q ieQ 1€Q

Z,uiyz’» + min {Zyg,F - Zm} >b, Yy e VQ):cly < cTy} (8)

i€Q ieQ €q

Proposition 3 The nonemptiness of the set é(Q,y) can be verified by solving O(29n?) linear
programs, each with O(q) variables and O(29n) constraints.

Proof : Omitted, due to space restrictions. O
Based on Proposition 2, we propose an algorithm for computing the function (@), which
is described as follows:
Algorithm 1: Compute ®(Q)

1 Find the set Y(Q) by solving O(2%n) instances of GENCARD-IT .
2 Verify the boundedness of ®(Q) by solving O(n) linear programs of polynomial size.

3 Sort the solutions in Y(Q) in non-increasing order of their costs.

4 For each sorted solution in Y(Q), verify whether it belongs to J(Q) by solving O(n)
linear programs of polynomial size. The cost of the first solution encountered that
belongs to YV(Q) is then the value of ®(Q).

Remark 2 Algorithm 1 runs in O(2in - f(I)+2Inl - g(n)) = O(2n - f(I)+2n%- g(n)) time,
where f(I) denotes the complezity of solving instance I of GENCARD-II, and g(n) denotes the
complezity of solving a linear problem with O(q) variables and O(2%n) constraints.

When ¢ is a constant, DDID-II can be solved by enumerating all elements in O, whose size
is polynomial in n. Each @ € Q can be evaluated using Algorithm 1, which runs in polynomial
time whenever GENCARD-II is polynomially solvable. Theorem 2 is thus proved.

3.2 Exact-cardinality constraint

We can improve our results for the case of a problem II for which an exact cardinality-
constrained, whether implicit or explicit, must be satisfied. In this case, we show that we can
either reduce the number of GENCARD-II instances that need to be solved or, alternatively,
replace the generalized cardinality constraints by imposing y; = 1 for all elements selected in
the partial solution 7.

Proposition 4 Ifproblem 11 has an (explicit or implicit) exact-cardinality constraint (3¢ yi =
d), then Y(Q) can be obtained by solving O(27) instances of GENCARD-II, each formulated as
in (3) for o € {0,1}4 with k = d — 3", Ui-

Proof : For any fixed yq, if K < d — >_;cq Ui, there is no solution y € Y; whereas if k >
d—3 e Ui, two cases arise: either the obtained solution coincides with that for k = d—>_,c Ui,
or a cheaper solution ¥ is found, which can also be obtained when consider another instance

with the pair (yg,d — Y icq ¥i)- 0



Observe that any optimal solution y*(jg, k) € Y(Q), obtained by solving an instance defined
in Proposition 4, satisfies y; = g; for all ¢« € (). Therefore, one can equivalently solve the
following problem instead:

i Y + M i |y =1VieQ: g, =14. 9
Eneljr}{zchr > owily i€Q:j } (9)

i€Q 1€Q:g;=0

Remark 3 If problem I1 has an (explicit or implicit) exact-cardinality constraint (3 ;e yi =

d), then |Y(Q)| reduces to O(29), and Algorithm 1 consequently runs in O(F(I) + 29T - g(n))
time, where F'(I) denotes the complexity of computing the set Y(Q) for instance I.

3.3 Example

As an illustration of Theorem 2, we show that DDID-SHORTESTPATH can be solved in poly-
nomial time when ¢ is constant.

Example 1 (SHORTEST PATH) Given a directed edge-weighted graph G = (V, E) and two
vertices s,t € V', the shortest path problem asks for a minimum-cost path from s to t. The
GENCARD-SHORTESTPATH problem is obviously a special case of capacity-constrained shortest
path problem, in which each edge e € FE is associated with a capacity consumption to, and a
capacity limit T is given. A dynamic programming approach for solving such problems has been
introduced, see [3], which runs in O(|E|T) time. In our case, we have t. = 0 for all e € Q,
te=1 for alle € Q, and T < |E|, GENCARD-SHORTESTPATH can thus be solved in O(|E|?).
Hence, when q is a constant, DDID-SHORTESTPATH can be solved in polynomial time.
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