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Given a Mixed Integer Linear Program (MILP):

(P ) max
x∈X

c⊤x with X = {x ∈ Rm1 × Nm2 : Ax ≤ b, Cx ≤ d},

Lagrangian relaxation (LR) [5] is a well-known optimization method that reduces the complexity of the
problem by relaxing some hard inequalities Cx ≤ d. Relaxed constraints are incorporated into the objective
function as a soft penalty whose coefficients are referred to as Lagrangian multipliers. For each given vector
of Lagrangian multiplier π ≥ 0, this gives the Lagrangian problem whose optimum provides an upper bound
for the original problem

ϕ(π) = max
x∈Rm1 ×Nm2 : Ax≤b

c⊤x + (d − Cx)⊤π.

Hence, we can consider a convex piece-wise linear function ϕ : Rn
+ → R associating to each vector of

Lagrangian multiplier the corresponding bound. The Lagrangian dual problem (LD) consists of determining
the Lagrangian multipliers providing the tightest bound:

min
π∈Rn

+
ϕ(π).

This type of problem can be solved using Bundle methods (BMs) [8]. BMs iteratively tries to update
the stabilization point, that is, the best point found so far, using a search direction obtained as the one
minimizing an approximation of the function ϕ provided by a surrogate model iteratively refined using the
obtained information. In this case, a common choice of surrogate model is the cutting planes model [11].

Machine Learning (ML) has recently been widely used in the domain of combinatorial optimization [3].
In this work, we propose to enhance BM with ML. More precisely, exploiting unrolling techniques [9],
we substitute the resolution of the (penalized) convex problem, providing the search direction, with the
prediction of an ML model based on a Long-Short Term Memory Network [6] and an Attention Network[13].
This corresponds to using an ML model as a (regularized) surrogate model and makes the execution of the
algorithm differentiable. This is similar to what is done in [2] for gradient descent. We train our network to
minimize the value of ϕ in the last point πT found after a fixed amount T of iterations. To our knowledge,
ML has not yet been directly applied within the BMs, but it has been used to predict high-quality LM [4, 12].

We test our approach on two different LRs: one for the Multi-Commodity Fixed-Charge Network Design
Problem (MC) [1] and the other for the Generalized Assignment Problem (GA) [10]. For both problems, we
consider further datasets, some of which are composed of small (-Sml) or large (-Big) instances. Numerical
results, summarized in Table 1, show that our model can provide a high-quality solution, often better than the



best baselines, obtained by considering several sub-gradients and BMs for which the starting regularization
parameter/step-size is chosen with grid search. Furthermore, the model shows good generalization properties
for more iterations than the ones for which the model was trained.

These experiments show the potential of ML to enhance BM. Other experiments should be conducted,
especially in Nonlinear Programming problems like the ones arising from the ML community [7].

TAB. 1: Comparison of our
approach with the best base-
line, for which the starting reg-
ularization parameter/step-size
is chosen with grid search for
several sub-gradient and bundle
methods. Our approach does
not need hyperparameter tun-
ing at inference, but it is trained
on 10 iterations.

Methods 10 iter. 25 iter. 50 iter. 100 iter.
GAP time GAP time GAP time GAP time

MC-SML Best Baseline 11.96 0.048 4.16 0.128 1.30 0.293 0.31 0.816
Bundle Network 9.20 0.105 1.75 0.185 0.53 0.321 0.17 0.592

MC-Big Best Baseline 17.98 0.112 6.34 0.289 2.66 0.627 0.93 1.477
Bundle Network 20.10 0.139 5.11 0.271 2.01 0.495 0.70 0.953

GA-SML Best Baseline 0.1893 0.071 0.0156 0.211 0.0014 0.601 0.0006 1.596
Bundle Network 0.1484 0.104 0.0228 0.177 0.0047 0.304 0.0009 0.551

GA-Big Best Baseline 0.1129 0.433 0.0193 1.459 0.0052 4.264 0.0020 14.459
Bundle Network 0.1018 0.228 0.0190 0.498 0.0052 0.943 0.0014 1.837
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